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Bayesian Inverse Problems

Bayesian Inverse Problems

Find the unknown θ given nz observations z, satisfying

z = G(θ) + η, η ∼ N (0,Σ),

where

I z ∈ Rnz is a given vector of observations,

I G : Θ→ Rnz is the observation operator,

I θ ∈ Θ is the unknown,

I η ∈ Rnz is a vector of observational noise.

Goal: Efficiently estimate the posterior density π(θ|z) for the
unknowns θ given the data z.
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Bayesian Inverse Problems

Bayes’ Theorem

In the finite-dimensional case, from Bayes’ Theorem we have

π(θ|z) ∝ L(z|θ) π0(θ)

∝ exp

(
−1

2
‖z− G(θ)‖2

Σ

)
π0(θ).
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Bayesian Inverse Problems

Markov Chain Monte Carlo (MCMC) Methods

I We know π(θ|z) up to a constant of proportionality.

I Use MCMC algorithm to generates samples θ1,θ2, . . . ,θM

from the posterior distribution.

I Use these samples to construct Monte Carlo estimates of
quantities of interest (means, variances and/or probabilities),

I e.g.

Eπ[φ] =

∫
Θ
φ(θ)π(θ|z)dθ ≈ 1

M

M∑
i=1

φ(θi ).
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Industrial Example

Industrial Example

Possible unknowns:

I λ — thermal conductivity,

I I — laser intensity,

I κ — heat transfer coefficient,

I σ — standard deviation of measurement noise.
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Standard FEM Approach

PDE Forward Problem

Solve

%cp
∂u

∂t
(r, t)−∇ · (λ∇u(r, t)) = Q(r, t),

where
Q(r, t) = I · χ(r) · 1{[0,zf]×[0,tf]}(z , t),

with appropriate initial and boundary conditions.

Goal: Find posterior density π(θ|z) for the unknowns θ := (λ, I ),
given observations z of the average (top) surface temperature u at
the measurement times t1, t2, . . . , tnz .
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Standard FEM Approach

Observation Operator

Observation operator G is

G(θ) = (ū(t1;θ), ū(t2;θ), . . . , ū(tnz ;θ))> ,

where

ū(t;θ) :=
1

|DL|

∫
DL

u(r, t;θ)dSz(r),

is the average temperature over the surface DL at time t.

Approximate G using

Ghτ (θ) = (ūhτ (t1;θ), ūhτ (t2;θ), . . . , ūhτ (tnz ;θ))> .

Note: For each value of θ, to evaluate Ghτ we are required to
compute a FEM solve of a time-dependant PDE.
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Standard FEM Approach

Random Walk Metropolis Hastings Algorithm (FEM)

Algorithm 1 RWMH Algorithm

set initial state X (0) = θ0

for m = 1, 2, . . . ,M do
draw proposal
evaluate likelihood by computing Ghτ (expensive!)
compute acceptance probability α
accept proposal with probability α

end for
output chain X = (θ0,θ1, . . . ,θM)

Here M � 105.
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Standard FEM Approach

(Results)

Unfortunately we cannot compute these as producing the samples
takes far too long!

37 seconds per (time-dependant) PDE solve
=⇒ 100m samples takes 3.7× 109 seconds ≈ 117 years (1 CPU)
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Stochastic Galerkin FEM Approach

Parametric Forward Problem

Assume now that both λ and I may be expressed in terms of
uniform random variables of mean zero and unit variance. That is,

λ = µλ + νλξ1, I = µI + νI ξ2,

for some given µλ, µI , νλ, νI ∈ R+ with

ξ1, ξ2 ∼ U(−
√

3,
√

3), ρ(ξi ) =
1

2
√

3
,

y := (ξ1(ω), ξ2(ω))> ∈ Γ := (−
√

3,
√

3)2.
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Stochastic Galerkin FEM Approach

Parametric PDE

Solve

%cp
∂u

∂t
(r, t, y)−∇ · (λ(y)∇u(r, t, y)) = Q(r, t, y),

where
Q(r, t, y) = I (y) · χ(r) · 1{[0.zf]×[0,tf]}(z , t),

again with appropriate initial and boundary conditions.

Solution: u(r, t, y).
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Stochastic Galerkin FEM Approach

PDE Forward Problem

Solve

%cp
∂u

∂t
(r, t)−∇ · (λ∇u(r, t)) = Q(r, t),

where
Q(r, t) = I · χ(r) · 1{[0,zf]×[0,tf]}(z , t),

with appropriate initial and boundary conditions.

Solution: u(r, t) for given θ = (λ, I ).
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Stochastic Galerkin FEM Approach

SGFEM Solution

Compute a finite-dimensional approximation at time steps
τ1, τ2, . . . , τnt such that for each n = 1, 2, . . . , nt ,

uhkτ (r, τn, y) =

nh∑
i=1

nk∑
j=1

un
ijφi (r)Ψj(y).

Approximate observation operator Ghkτ

Ghkτ (y) = (ūhkτ (t1; y), ūhkτ (t2; y), . . . , ūhkτ (tnz ; y))> .
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Stochastic Galerkin FEM Approach

Random Walk Metropolis Hastings Algorithm (SGFEM)

Algorithm 2 RWMH Algorithm with SGFEM Surrogate

compute SGFEM solution uhkτ

set initial state X (0) = θ0

for m = 1, 2, . . . ,M do
draw proposal
evaluate likelihood by evaluating Ghkτ (cheap!)
compute acceptance probability α
accept proposal with probability α

end for
output chain X = (θ0,θ1, . . . ,θM)

Here M � 105.
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Stochastic Galerkin FEM Approach

Posterior Density, π(θ|z)
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Stochastic Galerkin FEM Approach

Posterior Convergence in k (Polynomial Degree)
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Stochastic Galerkin FEM Approach

Computational Time

Offline: Compute SGFEM solution with around 270 million DOF
(nh × nt × nk = 12206× 800× 28): 6 minutes

Online: Generate 100 million samples using SGFEM-RWMH:
4.28 hours

Total: 4.39 hours (1.58×10−4 seconds per sample).
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Summary

I Achieved significant time saving (1 century → 1 “afternoon”)

I Paper (in production): “Surrogate accelerated Bayesian
inversion for the determination of the thermal diffusivity of a
material”

I Extending work to a more realistic/complex forward problem:
I spatial varying random variables
I multi-layered material
I express boundary heat loss parameter as random variable
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MAP Estimate

Posterior:

πz(θ|z) =
1

Z (z)
exp(−Φ(θ; z)) · π0(θ).

Maximum a posteriori (MAP) estimate θMAP satisfies

θMAP := argminθ∈R2J (θ; z),

where
J (θ; z) := − log(πz(θ|z)),

is the negative log-posterior.
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Gaussian Approximation

Assume
θ|z ∼ N (θMAP, C).

Let H ∈ R2×2, Hij := ∂2J
∂θi∂θj

, be the Hessian of J .

Approximating H at the point θMAP using finite differences we can
compute an approximation to the covariance matrix

C =
(
H(θMAP)

)−1
.
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Relative error in the mean vectors is 8.45× 10−6.
Relative error in the covariance matrices is 4.00× 10−3.
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Same distribution says Kolmogorov–Smirnov test at 1% level.
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